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Abstract 

Consider a normal complex analytic surface singularity. It is called Gorenstein if the canon- 
ical line bundle is holomorphically trivial in some punctured neighborhood of the singular point 
and numerically Gorenstein if this line bundle is topologically trivial. The second notion depends 
only on the topological type of the singularity. Laufer proved in 1977 that, given a numerically 
Gorenstein topological type of singularity, every analytical realization of it is Gorenstein if and 
only if one has either a Kleinian or a minimally elliptic topological type. The question to know 
if any numerically Gorenstein topology was realisable by some Gorenstein singularity was left 
open. We prove that this is indeed the case. Our method is to plumb holomorphically mero- 
morphic 2-forms obtained by adequate pull-backs of the natural holomorphic symplectic forms 
on the total spaces of the canonical line bundles of complex curves. More generally, we show 
that any normal surface singularity is homeomorphic to a Q)- Gorenstein singularity whose index 
is equal to the smallest common denominator of the coefficients of the canonical cycle of the 
starting singularity. 

1 Introduction 

Let (X, 0) be a normal complex analytic surface singularity. It is called Gorenstein if the canonical 
line bundle of some representative of it is holomorphically trivial outside the singular locus, and 
numerically Gorenstein if the same line bundle is topologically trivial outside the singular locus. 
For example, hypersurfaces and complete intersections with isolated singularities are normal and 
Gorenstein. 

One has fundamental systems of neighborhoods of € X which are homeomorphic to cones over 
an oriented 3-manifold d(X, 0), called the boundary or the link of (X, 0). By a theorem of Neumann 
[13j . the knowledge of d(X, 0) up to oriented homeomorphisms is equivalent to the knowledge of 
the dual graph of the exceptional divisor of any good resolution, weighted by the genera and the 
self- intersections of its irreducible components. We say that two singularities are homeomorphic if 
and only if they have boundaries which are oriented homeomorphic. By Neumann's theorem, this 
means that they have good resolutions with isomorphic weighted dual graphs. 

The canonical cycle of a resolution of the surface singularity is by definition the unique cycle 
supported by the exceptional divisor E, which has the same intersections with the irreducible 
components of E as a canonical divisor. Its coefficients are determined by the weighted dual graph, 
therefore they are topological invariants of the singularity. The coefficient of each component of 
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E is called its discrepancy. The fact that a singularity is numerically Gorenstein is a topological 
property: it is equivalent to the fact that, for some resolution, all discrepancies are integral. 

Instead, the fact that a singularity is Gorenstein is not in general a topological property. In fact, 
Laufer Theorem 4.3] proved that all analytical realizations of a given topology are Gorenstein 
if and only if one has either a Kleinian or a minimally elliptic topological type. In all the other 
cases, for any analytical realization, the non- Gorenstein germs correspond to the complement of a 
proper subvariety of the base of the miniversal deformation of the minimal good resolution. 

It seems that the problem to decide if any numerically Gorenstein normal surface singularity 
is homeomorphic to a Gorenstein one was left open. We learnt this problem from Jonathan Wahl 
(see the introduction of |14|). It was also listed very recently as an open question by Nemethi and 
Szilard in \12\ Question 30.1.1]. We prove (Theorem 14. ip : 

Any numerically Gorenstein normal surface singularity is homeomorphic to a Gorenstein one. 

One gets automatically a characterization of the weighted graphs which are realized by Goren- 
stein surface singularities: they are precisely the negative definite ones with integral discrepancies. 

Our proof starts from the fact that the cotangent bundle of a manifold is naturally endowed 
with a symplectic form. We get like this a holomorphic symplectic form on the canonical bundle 
Kq = T*C of any smooth, complex, compact curve C. We pull-back this form using meromorphic 
maps to total spaces of convenient line bundles. In order to take care of the components of E with 
discrepancy — 1 , we construct also special meromorphic 2-forms on the total spaces of negative line 
bundles on P 1 . 

The fundamental facts which make our constructions sufficient are the following: 

• They lead to meromorphic 2-forms having local normal forms without moduli in holomorphic 
coordinates (namely, of the type u a v b du A dv), which allows to plumb them holomorphically. 

• If the initial numerically Gorenstein singularity is not Kleinian, cusp or simple elliptic (cases 
when it is automatically Gorenstein), then all the components with discrepancy —1 are rational 
and no two of them intersect. 

By plumbing tubular neighborhoods of the 0-sections using the identifications given by the 
coordinate systems of the normal forms, we get smooth, complex analytic surfaces endowed with a 
meromorphic 2-form which is symplectic outside the compact divisor obtained as the image of the 
0-sections of the line bundles. Therefore, whenever the divisor is contractible, one gets a normal 
Gorenstein singularity. 

The first version of this paper contained only these results. But Bernard Teissier and Jonathan 
Wahl asked me if I could extend the theorem to all normal surface singularities, the role of Goren- 
stein singularities being played now by the Q)-Gorenstein ones (that is, those normal singularities 
such that some power of the canonical bundle is holomorphically trivial in a pointed neighborhood 
of the singular point). 

I realized that I could prove such an extension only after Wim Veys told me about one of his 
theorems (see Theorem 12.60 . implying that: 

• If the initial normal surface singularity is not log canonical, then for the minimal good res- 
olution all components of E with discrepancy —1 are rational, they intersect at most two other 
components, and no two of them intersect. 

In order to state the extension, we need a little more vocabulary. The index of a Q- Gorenstein 
singularity is the smallest exponent r such that K r x , Q is holomorphically trivial and the topological 
index is defined in the same way for all normal singularities, by asking to be topologically 

trivial. By using the same kind of constructions as before, we prove (Theorem I5.4[) : 
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Any normal surface singularity is homeomorphic to a Q- Gorenstein one whose index is equal 
to the topological index of the initial one. 

In this enlarged context, the analog of the natural holomorphic symplectic form on Kq is a 
natural meromorphic 2-form of weight r on the total space of K£,, for all r € N*. Namely, in 
natural local coordinates it is written p l ~ r {dp A dq) r (see Lemma 15 . 1 f) . 

We describe now briefly the content of the paper. In Section [2] we recall the fundamental 
notions about normal surface singularities used in the rest of the paper. In Section [3] we construct 
special meromorphic 2-forms on total spaces of line bundles on smooth, compact, complex curves. 
In Section H] we plumb such total spaces along weighted dual graphs, in a way which leads to the 
proof of Theorem 14.11 Finally, in Section [5j we prove Theorem 15.41 by generalizing the steps of the 
proof of Theorem 14.11 
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2 Background 

In the sequel, the singularities we consider will be germs of normal complex analytic surfaces. If 
(X, 0) denotes a singularity, tacitly X will also denote a Milnor representative of it. 

The divisor of a meromorphic 2-form a on a smooth surface will be denoted div(a). Outside 
it, such a form is holomorphic symplectic, that is, non-degenerate. 

A resolution of a singularity is said to be good if its exceptional divisor has normal crossings 
and its components are smooth. There exists a minimal good resolution, unique up to unique 
isomorphism. 

Definition 2.1 Let (X, 0) be a normal surface singularity. It is called Gorenstein if its canon- 
ical bundle is holomorphically trivial in a punctured neighborhood of 0. It is called numerically 
Gorenstein if one has instead only topological triviality. 

In other words, a Gorenstein singularity is one which may be endowed with a 2-form which is 
holomorphic and non-vanishing in a punctured neighborhood of 0, that is, which is holomorphic 
symplectic there. 

Starting from a normal surface singularity, denote by (X,E) (X, 0) a good resolution, where 
E is the reduced exceptional divisor. By taking pull-backs by the morphism ir, one identifies the 
space of holomorphic 2-forms on X \ with the one of holomorphic 2-forms on X\E. In particular, 
one may construct a holomorphic symplectic form on X\0 by constructing a holomorphic symplectic 
form onI\£. It is the approach taken in this paper. 

Denote by T the dual (intersection) graph of E: its vertices correspond bijectively to the irre- 
ducible components of E and between two distinct vertices i and j there are as many (unoriented) 
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edges as the intersection number := Ei ■ Ej > of the corresponding components. In par- 
ticular, r has no loops. Moreover, each vertex i of V is weighted by the self-intersection number 
— ej := Ef < of the associated component Ei inside X, and by the genus gi of E{. 

Denote by V(T) the set of vertices of T. If i £ ^(r), its valency is the number of edges 
connecting it to other vertices. 

By classical results of Du Val |16| and Mumford [11] , the intersection form of the weighted dual 
graph is negative definite. Conversely, Grauert [4] proved that if the form associated to a reduced 
compact divisor i?ona smooth surface is negative definite, then E can be contracted to a normal 
singular point of an analytic surface, well-defined up to unique analytic isomorphisms. 

As the intersection form is negative definite, there exists a unique divisor with rational coeffi- 
cients Z can supported by E such that Z ca „ • Ei = K x ■ Ei, for all i € V(T). 

Definition 2.2 The divisor Z can is called the canonical cycle of E (or of the resolution tt). If 
Z C an = X^iey(r) kiEi, then the coefficient ki is called the discrepancy of Ei. 

The adjunction relations, applied to the curves Ei inside the surface X , may be written as: 



Durfee [2] proved the following characterization of numerically Gorenstein singularities (which 
explains the attribute "numerically"): 

Proposition 2.3 The normal surface singularity (X, 0) is numerically Gorenstein if and only if 
for any (or some) good resolution, all discrepancies are integral. 

One has the following generalization of the notion of normal Gorenstein singularity: 

Definition 2.4 The normal surface singularity (X, 0) is called Q-Gorenstein if there exists a 
positive integer r such that the pluricanonical bundle K r x is holomorphically trivial in a punctured 
neighborhood ofO. The smallest such exponent r is then called the index of the singularity. 

Equivalently, (X, 0) is Q- Gorenstein if and only if the canonical class Kx (consisting a priori of 
Weil divisors) is (holomorphically) Q-Cartier and the index is the smallest integral factor making 
it Cartier. The normal Gorenstein singularities are precisely the Q- Gorenstein ones of index 1. 

If (X, 0) is Q- Gorenstein and K x is holomorphically trivial on X \ 0, the pull-back by the 
resolution morphism tt of a holomorphic trivializing section of K r x becomes a meromorphic section 
of K r ~ whose divisor is exactly rZ can . Therefore, in this case r is a common denominator of the 

A 

discrepancies. By the same method as the one used by Durfee to prove Proposition 12.31 one shows 
that the smallest common denominator of the discrepancies is the smallest exponent r € N* such 
that K r x is topologically trivial on X \ 0. This motivates us to introduce the following: 

Definition 2.5 The topological index of the singularity (X, 0) is the smallest positive integer r 
such that K x ^ is topologically trivial. 

Recall also the following special classes of singularities: 

• the Kleinian singularities, also known as Du Val singularities, rational double points or simple 
surface singularities (see Durfee [3]) are, up to isomorphism, the surface singularities of the form 
C 2 /G, where G is a finite subgroup of SU(2). For these singularities, the minimal resolution is 




(1) 



jev(r) 
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good, it has Zk = and its dual graph Y is one of the trees A n , D n , Eq, £7, Eg with gi = 0, = 
2, Vi € V{T). 

• the cusp singularities are those normal surface singularities which have a good resolution 
whose dual graph V is homeomorphic to a circle and gi = 0, Vi € V(r) (see Looijenga [9, page 16]). 

• the simple elliptic singularities are those normal surface singularities whose minimal resolution 
has a smooth exceptional divisor of genus 1. As well as the cusp singularities, they are minimally 
elliptic (see Laufer [7]). As we do not need this last notion in the paper, we do not give more 
details about it. 

• the log canonical singularities are those normal surface singularities whose canonical cycle 
satisfies the inequalities ki > —1, V % € V(T). By a result of Sakai [15], they are necessarily Q- 
Gorenstein, with an index equal to their topological index. One may find their classification in Sakai 
|15j . Kawamata [5], Alexeev [1] or Matsuki ^Q\. By this classification, one sees that the numerically 
Gorenstein log canonical singularities (therefore the Gorenstein ones) are exactly the Kleinian, the 
cusp and the simple elliptic singularities. This class may also be defined in higher dimensions. Then 
one usually asks the singularity to be Q-Gorenstein, in order to be able to define the discrepancies. 
Sakai's result quoted before show that this supplementary condition is not needed in dimension 2 
(see also [TOl Remark 4-6-3 (ii)]). 

In \17\ 2.10], Veys proved the following theorem about the behaviour of the coefficients of the 
canonical cycle on the dual graph of the minimal good resolution: 

Theorem 2.6 Let (X,0) a normal surface singularity which is not log canonical. Denote by 
V~(T) the set of vertices i of the minimal good resolution such that ki < — 1, which is non-empty 
by hypothesis. Then: 

1. The full subgraph T~ ofT with vertex set V~(T) is connected. 

2. The full subgraph of V with vertex-set V(r) \ V~(T) is a disjoint union of segments whose 
vertices represent rational components of the exceptional divisor. Moreover, exactly one end 
of each segment is attached (by one edge) to T~ , and the discrepancies are strictly increasing 
along the segment, starting from that end. 

3. All the discrepancies are (strictly) negative. 

In \17\ 2.11], Veys states that the previous theorem may be obtained as a corollary of results of 
Wahl [18]. Instead, he uses mainly results of Alexeev pp. Before, Laufer [8j Prop. 2.1] had proved 
the analog of point O of the previous theorem for the minimal (not necessarily good) resolution of 
any normal surface singularity which is not Kleinian. 

Remark 2.7 Veys' terminology is a little different from ours. For instance, he uses the name log 
resolution instead of good resolution and he works with the log discrepancies aj := ki + 1 instead 
of the discrepancies. We prefer to work with the discrepancies because in our computations they 
appear explicitely as exponents of coefficients of meromorphic 2-forms (see the last two sections). 

As a corollary of point [3 of the previous theorem, we have the following special case concerning 
the numerically Gorenstein singularities which are not log canonical: 

Corollary 2.8 Start from a numerically Gorenstein singularity which is not smooth, Kleinian, a 
cusp singularity or a simple elliptic one. Then the dual graph T of the minimal good resolution 
satisfies ki < —1 for all i £ V(T) and if ki = —1, then Ei is a smooth rational curve, i is of valency 
1 and the unique vertex j to which it is connected satisfies kj = —2. 
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Proof. The only statement which is not a special case of the previous theorem is the last one. But 
it is an immediate consequence of the adjunction formulae (pQ). 

In fact the corollary could be proved by showing first that Laufer's theorem [HI Prop. 2.1] 
stated before, namely, the fact that point 0. of Theorem 12.61 holds for the minimal resolution of a 
normal surface singularity which is not Kleinian, is also true for the minimal good resolution of a 
numerically Gorenstein singularity. This is what we did in the first version of this paper, before 
knowing Veys' results. We analyzed what happens at each step of the sequence of blowing-ups 
which passes from the minimal resolution to the minimal good one and we finished by using the 
adjunction relations. □ 

One has a generalization for all normal surface singularities which are not log canonical: 

Corollary 2.9 Start from a normal surface singularity which is not log canonical. On the dual 
graph of the minimal good resolution, if i is a vertex ofT such that ki = —1, then it represents a 
smooth rational curve and its valency is 1 or 2. Moreover: 

• If it is of valency 1, then the unique vertex j to which it is connected satisfies kj = —2. 

• If it is of valency 2, then the two vertices to which it is connected satisfy kj 1 + kj 2 = —2, 
with kj 1 ^ —1, kj 2 ^ —1. 

Proof. This is again a direct consequence of Theorem 12.61 and of the adjunction relations. □ 

Remark 2.10 In particular, the exceptional divisor of the minimal good resolution of non log 
canonical normal surface singularities does not contain adjacent components E{ and Ej such that 
ki = kj = — 1 (see also Remark [4. 2 1) . As Veys told me, this conjectured statement was his motivation 
for proving Theorem 12.61 



3 Construction of special meromorphic 2-forms on line bundles 

Our idea for proving the theorem stated in the title of the paper, is to construct first meromorphic 
2-forms on total spaces of line bundles which are symplectic outside the union of the 0-section and 
some fibers, and then to plumb them in such a way that the symplectic forms glue. This section is 
dedicated to the first step and the next one to the second step. 

When we say that L is a line bundle, L will denote the total space (and not the associated sheaf 
of regular sections). In particular, by a form defined on L we will mean a form defined on the total 
space of L. 

Proposition 3.1 Let C be a compact, connected and smooth complex curve of genus g € N. Fix 
an integral divisor D on C and an integer m € Z* which divides 2g — 2 — deg(D). Then there exists 

a line bundle L — ^> C of degree m~ 1 (2g — 2 — deg(D)), endowed with a meromorphic 2-form a 
such that: 

1. div(a) = (m — 1)C + ip*{D), where C is seen here as the 0-section of L. 

2. For each point A E C , if a 6Z denotes the multiplicity of D at that point, one has a system 
of local coordinates (q, f) centered at A on L such that q is constant on the fibers of tt, that 
f = defines C and moreover: 

a = fm-i q a d f A dq _ 
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Proof. Denote by Ld the line bundle over C whose sheaf of sections is 0{D) and by sd its 
canonical meromorphic section defining D. Tensoring by sd one gets a meromorphic map between 
total spaces of line bundles: 

H D : = K c <X> £-£) • • K C , (2) 

where Kc — > denotes the canonical line bundle of C, equal to its holomorphic cotangent bundle. 
Denote by etc the canonical holomorphic symplectic form on the surface Kc- If q denotes a local 
coordinate on the open set U C C and p is the associated dual coordinate on ^~ 1 {U) C Kc (that 
is, the general 1-form on U is written pdq), one has the following expression for ac on j~ 1 (U) : 

ac = dp A dq. (3) 

Denote then by old the meromorphic 2- form on Hd obtained as the pull-back of ac by td- 

old ■= t*d{olc)- (4) 

Consider now any m-th root H^ m of the line bundle Hd and the m-th tensor power meromor- 
phic map: 

H^-^Hd. (5) 

Such line bundles H D ^ m are the solutions H of the equation m ■ H = Hd in the Picard group 
(Pic(C),+) written additively. The set of solutions is non-empty by the hypothesis that m ^ 
divides deg(-ffo) = 2g — 2 — deg(D) and it is a principal space (a torsor) under the subgroup of 
|m|-torsion elements of the Jacobian Pic°(C) of C. This Jacobian is a real (2<7)-dimensional torus, 
therefore there are \m\ 2g such line bundles. We may take any one of them. 

Denote by aD, m the meromorphic 2- form on H^ m obtained as the pull-back of ac by //D, m : 

OLD,m ■= ^*D,rn{ a D)- (6) 

We claim that the pair (L,a) := (H D , old,™) satisfies both properties^ and® 
The rest of the proof is devoted to an explanation of this claim. 

The map td ^D,m (see (j2j) and ([5]) ) is regular and without critical points on the complement 

Hp™ \ (C U rfi)' m (\D\)) , where Hp™ C denotes the bundle projection and \D\ denotes the 
support of D. It is therefore enough to check point [H in order to deduce also point [TJ 

We will proceed in two steps, by computing first the form in adapted local coordinates and 
then the form aD,m- 

• Consider any local coordinate q on C centered at A. Choose then a local trivializing section 
oa of Ld in the neighborhood of A such that sd = q a o~A- Denote by (<ta)* the dual trivializing 
section of L__d = L* D . Then dq ® (pa)* is a local trivializing section of Hd, with respect to which 
a general section is written hdq <8> (o~a)*- Then (q, h) is a system of local coordinates on the total 
space Hd in the neighborhood of A. 

We have td{Ji dq ® (o~a)*) = hdq sd((o"a)*) = h q a dq, which shows that with respect to the 
local coordinate systems (q,h) on Hd and (q,p) on Kc, the map td is given by: (q,h) — > (q,hq a ). 
Combined with formula (|3|), this implies that the meromorphic 2-form old defined by @ has the 
following expression in the coordinate system (q,h) on Hd- 

a D =q a dhAdq. (7) 

• We do now the same kind of reasoning for the map HD,m (see ([5])). Choose a local trivializing 
section t]a of H D in the neighborhood of A, such that ^D,m{VA) = Va™ = dq<S> {o~a)* ■ If a general 



The topology of Gorenstein surface singularities 



8 



section of H^ m is written I t]a, then (q, I) is a local coordinate system on the total space H^ m in 
the neighborhood of the point A. With respect to the local coordinate systems (q, I) on H^ m and 
(q,h) on Hd, the map fiD,m is given by (q,l) — > {q,l m )- Combined with formula (J7|), this implies 
that the meromorphic 2-form oi£),m defined by Q has the following expression in the coordinate 
system (q,l) on H^ m : 

a DiTn = mq a r- 1 dl Adq. (8) 

By making the change of variables / := m 1 /" 1 I, where m l l m is an arbitrary m-th root of m 
(which exists, by the hypothesis m / 0), we get from equation (JSj) : 

a D ,m = f m ~ l q a df A dq. 

The proposition is proved. □ 

Remark 3.2 The pointQl of the previous proposition is not a consequence of the assertion of point 
[2 Indeed, there are moduli for germs of meromorphic 2-forms whose divisor has normal crossings 
with two irreducible components, implying that not all germs of meromorphic 2-forms whose divisor 
has normal crossings may be written in the form u a v b du A dv in adapted local coordinates. One 
gets the simple normal forms stated in point as a consequence of our construction by successive 
pull-backs of the standard symplectic form on the canonical bundle. 

The previous proposition does not allow to get meromorphic 2-forms having a pole of order 
1 along the 0-section. In the next one, we construct special meromorphic 2-forms on the total 
spaces of arbitrary line bundles on a smooth rational curve, having such pole of order 1 along the 
0-section. We will see in the next section that this is enough to prove the characterization of the 
topological types of Gorenstein singularities. 

Proposition 3.3 Let C be a compact, connected and smooth rational curve. Let L — > C be a line 
bundle on it and A be a point on C . Then there exists a meromorphic 2-form a on L such that: 

1. div(a) = -C-2ip*(A); 

2. one has a system of local coordinates (q, f) centered at A on the total space L such that q is 
constant on the fibers ofifi, that f = defines C and moreover: 

a = f- l q- 2 df A dq. 

Proof. Choose a covering of C by two affine charts isomorphic to C, one with coordinate gi 
centered at A and the other with coordinate q2, such that: 

92 = ?^- ( 9 ) 
Choose then a trivialization of L over the qi-chart, with respect to which the fiber coordinate is 
denoted f\ and another trivialization over the (/2-chart, with respect to which the fiber-coordinate 
is denoted /2, such that the change of trivialization over the overlap is given by the equation: 

/2 = ??/l- (10) 

Here n = deg(L). Such trivializations exist because on P 1 any line bundle of degree n is isomorphic 
to 0(n). Therefore: 

df 2 Adq 2 = -q^ 2 df 1 Adq 1 . (11) 

Using also the equations ([9]) and (HOP , this implies that the meromorphic 2-form which on the chart 
with coordinates (q 2 , f 2 ) of L is given by: a := —f 2 X df 2 A dq 2 , becomes a = fi qT 2 dfi A dq± in 
the chart with coordinates (q\, f\). Looking at the expressions of a in both charts, we see that the 
proposition is proved by taking (<?,/) := (<Zi,/i). □ 
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4 The topology of Gorenstein normal surface singularities 

We are ready to establish the theorem announced in the title of the paper. The idea is to plumb 
using biholomorphic maps the line bundles constructed using Proposition 13.11 and Proposition 13.31 
in such a way that the associated meromorphic 2-forms glue. We recall that the operation of 
plumbing of tubular neighborhoods of 0-sections of line bundles over compact Riemann surfaces 
was introduced by Mumford in [11]. Since then, this operation was nevertheless mainly used in the 
differentiable category, that is, without necessarily respecting holomorphic structures. Instead, in 
our approach it is essential to do holomorphic plumbing. As Wahl told us, this procedure was also 
used by Laufer (see e.g. [61 page 83]). 

Theorem 4.1 Consider a numerically Gorenstein surface singularity. Then it is homeomorphic 
to a normal Gorenstein surface singularity. 

Proof. Let (X, 0) be a numerically Gorenstein singularity and (X, E) — ^> (X, 0) its minimal good 
resolution. If the singularity is smooth, Kleinian, a cusp singularity or a simple elliptic one, then 
it is automatically Gorenstein (see Laufer [7]). Therefore, we may suppose that we are not in one 
of these cases. Consequently, we may apply Corollary 12.81 

For each vertex i of T, denote by Vi C V(T) the set of indices of those components of E which 
have non-empty intersection with Ei. For every j £ Vi, denote Eij := EiHEj. This set may consist 
of several points: E^j = {A^j i \ I £ Of course, Eij = Ejj, which allows us to choose the 

index sets such that Aij,\ = Aju for all I £ = I(j,i). We will look at Eij also as a reduced 

divisor on the abstract curve Ei. 

By Corollary 12.81 we have ki < — 1 for all i £ I. We consider two cases: 

• Suppose that ki < —1. Then apply Proposition 13.11 to C := Ei, g := gt, m := ki + 1, 
D := YljeVi kjEij- The hypothesis that m divides 2g — 2 — deg(D) is a consequence of formula ([I]). 

• Suppose that ki = —1. By Corollary 12.81 we know that Ei is then a smooth rational curve 
and that Vi has only one element j, which satisfies moreover kj = —2. Then apply Proposition 13.31 
to C := Ei, L := 0{-a), {A} = E { n Ej. 

By combining both cases, we see that for all i £ V(r), there exists a line bundle Li — ^ Ei of 
degree —ei on Ei and a meromorphic 2-form on on it, such that: 

• div(oi) = hEi + Ejev, k i ^iC^i); 

• for each point Aij i £ E%j, one has a system of local holomorphic coordinates (qijj, fi,j,i) 
centered at Aij i on the total space Li such that q^ji is constant on the fibers of ipi, that /j w = 
defines the 0-section Ei C Li and moreover: 

= (Qi,j,l) kj ifi,j,l) ki d fi,j,l A dq iM . (12) 

Consider then neighborhoods of the 0-sections Ei C Li, and plumb them by using the following 
holomorphic identifications of neighborhoods of the points Aiji and Aiji contained in the previous 
charts, whenever i and j are adjacent vertices of T and I £ 

f = hjhi,i with Xij,x jti £ c*. 

[ Qj,i,l — 

The non- vanishing complex numbers Ajj, Xji are to be chosen such that by this change of coordi- 
nates, the form on given by (|12j) is transformed into ay, which says precisely that they glue on the 
surface obtained by the plumbing. 
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These compatibility conditions translate into the following system of equations, which is non- 
trivial because, when we plumb, we permute the order of the coordinates: 



As before, our hypothesis allows us to apply Corollary 12,81 which implies that there is no pair 
of adjacent vertices such that ki = kj = — 1 (otherwise, equation (fT3j) would be contradictory). In 
fact this is the only obstruction to the existence of solutions of the system (fT3j) : orient each edge 
of r such that, whenever an edge goes from a vertex i to a vertex j, we have kj < — 1. Define then 
Xj t i := 1 and Ajj to be a (kj + l)-th root of —1. We get obviously a solution of (fT3j) . 

After such a choice, the surface Y obtained by the plumbing is smooth complex analytic and 
the images of the 0-sections E{ C Li form a divisor canonically identified to E and with the 
given weighted dual graph. By Grauert's theorem (see [1]), this divisor E may be contracted in 
Y, yielding a normal singularity (Y, 0). By our construction, the meromorphic 2-forms oti glue 
into a meromorphic 2-form a on Y , which is symplectic outside E. Therefore, it descends into 
a holomorphic symplectic form on Y \ 0, which means that (Y, 0) is Gorenstein. The theorem is 
proved. □ 

Remark 4.2 We could do our plumbing construction using only the meromorphic 2-forms de- 
scribed in Propositions 13.11 and 13.31 because we knew that we could work with a good resolution 
such that for any two intersecting components Ei,Ej of the exceptional divisor, one does not have 
simultaneously ki = kj = —1 (see also Remark l2.10p . Indeed, in Proposition 13. II one has m — 1 ^ — 1 
and in Proposition 13.31 one has adjacent components of the divisor of the meromorphic 2-form with 
orders 1 and 2 (compare to Corollary I2.8|) . 

Remark 4.3 Our construction yields singularities whose minimal good resolution has the follow- 
ing special property: each irreducible component of the exceptional divisor has a neighborhood 
isomorphic to a neighborhood of the 0-section of its normal bundle. 

Remark 4.4 The previous proof shows moreover that for each numerically Gorenstein singularity, 
there exists a homeomorphic Gorenstein one and whose minimal good resolution has isomorphic 
exceptional divisor (seen as an abstract reducible curve). In fact, in our construction, one starts 
only from an abstract compact curve E = D^y^Ei with simple normal crossings, decorated 
with weights &i such that the associated intersection form is negative definite and such that the 
coefficients k% determined by the adjunction system (fT]) are integers. As a result of our construction, 
one gets a Gorenstein singularity having a resolution whose exceptional divisor is E, and such that 
Ef = — a for each irreducible component Ei. 



5 Extension to Q-Gorenstein singularities 

If S is a smooth complex manifold of dimension s > and r E Z*, we will say that the holomor- 
phic (meromorphic) sections of the pluricanonical line bundle K r s of exponent r are holomorphic 
(meromorphic) s-forms of weight r. If (qi, q s ) is a system of local coordinates on S, such a form 
is written canonically as : 




A^ +1 for all pairs of adjacent vertices of the graph F. 



(13) 



f(q 1 ,...,q s )(dq 1 A ••• f\dq s ) r 



where / is holomorphic (meromorphic). 
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In particular, consider S = C, a smooth holomorphic curve (a Riemann surface). Denote by: 
K r c -^4 C the projection morphism. If q is a local coordinate on the open set U C C, then (<ig) r is 
a local section of Kq\jj. One may take as a complementary coordinate on 7~ 1 (i7) the holomorphic 
function p r such that the sections a of KJj\u (that is, the 1-forms of weight r) are written as: 

a = p r (dq) r . 

The next lemma shows that all pluricanonical bundles over a curve are endowed with natural 
meromorphic 2-forms of the same weight as the exponent of the bundle, generalizing the existence 
of the natural symplectic form on the canonical bundle. 

Lemma 5.1 Let C be a smooth holomorphic curve and r E Z*. Then the holomorphic 2-forms of 
weight r on the total space K r c which are expressed in local coordinates as follows: 

p\- r (dp r A dqf (14) 

glue into a well-defined meromorphic 2-form ac, r of weight r on the total space Kq. 

Proof. Let q be a second local coordinate on C, defined on an open set overlapping the domain 
of definition of q. Denote by p r the associated complementary coordinate on the total space K r c . 
Then p r {dq) r = p r (dq) r , which implies: 

Pr=Pr-(^)- r . (15) 

As a consequence, dp r Adq = (^)~ r+1 dp n A dq which implies, by taking r-th powers on both sides 
and by applying again relation (|15l) . the desired equality: 

pl~ r (dp r A dq) r = pl' r (dp r A dq) r . 

□ 

The following proposition generalizes Proposition 13. 1[ It specializes to it for r = 1. 

Proposition 5.2 Let C be a compact, connected and smooth complex curve of genus g € N. Fix an 
integral divisor D on C, an integer r € N* and an integer m E Z* which divides r(2g — 2) — deg(D). 

Then there exists a line bundle L C of degree m~ 1 (r(2g — 2) — deg(-D)), endowed with a 
meromorphic 2-form a of weight r, such that: 

1. div(a) = (m — r)C + rb*(D), where C is seen here as the 0-section of L. 

2. For each point A E C, if a E Z denotes the multiplicity of D at that point, one has a system 
of local coordinates (q, f) centered at A on L such that q is constant on the fibers of ip, that 
f = defines C and moreover: 

a = r~ r q a (dfAdq) r . 

Proof. Wc follow the steps of the proof of Proposition 13.11 Consider the natural meromorphic 
map got by tensoring with the meromorphic section srj of L^: 

H Djr := K r c ® L_d • - TD ^ K'q. 
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Then (dq) r <g) o* A is a trivializing section of K r c ® L-jj. If h r (dq) r g) cr^ denotes the general section 
of Hry^, then (g, /i r ) is a local coordinate system on Hrj, r m the neighborhood of A. With respect 
to the coordinate systems (q, h r ) and (q,p r ), the map td, t is given by (q, h r ) — > (q, h r q a ). Recalling 
that cec, r was defined by Lemma 15. 11 this implies that: 

(r Ar )*ac,r = (TD, r yU- r (dp r A dq) r ) = {h r q a ) 1 ~ r (d(h r q a ) A dq) r = h 1 ' 1 ' q a (dh r A dq) r . 

Consider now an arbitrary m-th root H^ 7 "" of the line bundle Hd^, which exists by the hy- 
pothesis that m/0 divides deg(Hr), r ) = r(2g — 2) — deg(D). In adapted local coordinates, chosen 
as in the proof of Proposition 13.11 the m-th tensor power map 

Tjl/m ^D,r,m 

H D,r " ' > H D,r 

is given by (q,l) — > (q,l m ). Therefore: 

Oc D ,r,m ■= (jJkD,r,m)*(TD t r)*ac, r = l m(1 ~ r) q a {ml^ 1 dl A dq) r = m r l m - r q a {dl A dq) r . 
By making the change of variables / := m r ^ m l, where m l / m is an arbitrary m-th root of m, we get: 

a D , r , m = f m ~ r q a (dfAdq) r . 

This shows that the pair (L,a) := (Hp™ , Q!D,r,m) satisfies both properties d and [3 □ 

In the same way as Proposition 13.11 did not allow to get meromorphic 2-forms with poles of 
order 1 along the 0-section, the previous one does not allow to get meromorphic 2-forms of weight r 
with poles of order r along the 0-section. We get such poles using the following proposition, which 
generalizes Proposition 13.31 It specializes to it for r = 1, mi = —2 and mi = 0. 

Proposition 5.3 Let C be a compact, connected and smooth rational curve. Let L — > C be a line 
bundle on it and A\, A2 be two distinct points on C. Fix an integer r € N* and two other integers 
mi, mi 6Z\ {— r} such that m\ + mi = — 2r. Then there exists a meromorphic 2-form a of weight 
r on L such that: 

1. div(a) = -rC + m x ip*(Ai) +m 2 rb* (A 2 ). 

2. For each I E {1,2}, one has a system of local coordinates centered at A\ on L such 
that ui is constant on the fibers of if), that vi = defines C and moreover: 

a = vf r u t ni (dvi A dui) r '. 

Proof. We follow the notations introduced in the proof of Proposition 13.31 That is, we work inside 
the charts (<?i,/i), (q2,f2), chosen moreover such that A\ is defined by qi = fi = 0. Consider the 
following meromorphic 2-form of weight r on L: 

a:=fi r qT (dfiAdqi) r . 
The equations ([9|), (|10p . (jlip imply immediately that, written in the other chart: 

a = (-l)7rC (tfiAdgif. 

We almost get the desired theorem, with the exception of the fact that in this second chart, one 
has the extra factor (— l) r . We have to care about it, in order to get the same shape for all the 



The topology of Gorenstein surface singularities 



13 



local normal forms, adapted to the plumbing operations to be done in the sequel (in the proof of 
Theorem 15. 4[) . 

• If r is even, there is nothing more to be done. 

• If r is odd, then we do the change of variable q\ = v ■ u±, where v is an arbitrary (mi + r)-th 
root of (— l) r , which exists, by the hypothesis m\ ^ —r. We get: a = fi T u™ 1 (dfi A dui) r . By 
taking U2 ■= q_i and vi := fi for / G {1,2}, we see that a is expressed as in point in both charts 
with coordinates (ui,vi). As these charts cover L, the proposition is proved. □ 

Now we are ready to prove a generalization of Theorem 14.11 to all normal surface singularities. 
It specializes to it for r = 1. 

Theorem 5.4 Consider a normal surface singularity, with topological index r > 1. Then it is 
homeomorphic to a Q- Gorenstein singularity with index r. In particular, being Q- Gorenstein im- 
poses no topological restrictions on normal surface singularities. 

Proof. The proof follows the same steps as the one of Theorem 14. II and it uses the same notations. 
For each vertex i 6 T, we consider a convenient line bundle endowed with a meromorphic 2-form 
of weight r, constructed either by Proposition 15.21 or by Proposition 15.31 We consider three cases, 
according to the values of the discrepancy ki and of the valency ki. When ki = —1, we know by 
Corollary 12.91 that the valency v i is either 1 or 2 and that Ei is a rational curve. 

• Suppose that ki ^ —1. Then apply Proposition 15.21 to C := Ei, g := gi, m := r(/cj + 1), 
D := J2jeVi r ' Eij. The hypothesis that m divides r(2g — 2) — deg(D) is a consequence of 
formula (P). 

• Suppose that ki = — 1 and V{ = 1. Denote by j the unique element of Vi. Then apply 
Proposition PI to C := Ei, L := O(-ei), {Ai} = EiD Ej, mi = -2r and m 2 = 0. 

• Suppose that ki = —1 and Vi = 2. Corollary 12.91 tells us that, if j\ ^ ji are the two elements 
of Vi, then kj 1 + kj 2 = —2 and kj x ^ —1, kj 2 ^ —1. Then apply Proposition 15.31 to C := Ei, 
L := O(-ei), {Ai} = Ei n Ej t and rri[ = r ■ kj r for each I £ {1, 2}. 

By combining the three cases, we see that for all i € ^(r), there exists a line bundle Li — ^ Ei 
of degree —ei on Ei and a meromorphic 2-form a» of weight r on it, such that: 

• div(ai) = r ■ ki Ei + J2jev, r ' k j ^i^hj)' 

• for each point Aijj £ Eij, one has a system of local holomorphic coordinates (<li,j,i, fi,j,i) 
centered at -Ajj,/ on the total space Li, such that qij t i is constant on the fibers of tpi, that /j ,y = 
defines the 0-section Ei C Li and moreover: 

^ = {ku) r 'H%uY' k ' (df itj ,i A dq hhl ) r . (16) 

Then, we plumb neighborhoods of the 0-sections of these bundles by identifying neighborhoods 
of the points Aijj and u in such a way that the forms «j and ctj glue. Again, this is possible 
because we have the simple normal forms (|16p . and because no two adjacent vertices i and j of 
r satisfy ki = kj = —1, a fact ascertained by the Corollary 12.91 of Veys' Theorem 12.61 (the analog 

of equation (|13j) is now the equation A^ fcj+1 ^ = (— l) r A^ fcl+1 ^). After contracting the union of the 
0-sections of the bundles Li, one gets a singularity (X, 0) such that the 2-form of weight r obtained 
by gluing the forms ai gives a holomorphic trivialization of K t x \q- The theorem is proved. □ 

To conclude, we want to mention that the analogs of Remarks 14.31 and 14.41 hold also in this more 
general context. 
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